In this paper, a novel protocol for bidirectional controlled quantum teleportation (BCQT) using eight-qubit entangled state as a quantum channel is proposed by which the users can teleport an arbitrary entangled state and a pure two-qubit state to each other simultaneously under permission of a third party as a controller. This protocol is based on the controlled-not operation, appropriate single-qubit unitary operations and single-qubit measurements in the and -basis which are more efficient than two-qubit measurements. In addition, in this protocol, the probability of guessing the Charlie's qubit by eavesdropper is reduced and supervisor can select the control of one of the users or both. Also, the proposed protocol is optimal in terms of used quantum resources, the efficiency and the number of measurements into previous ones. Then, we review the proposed protocol in typical noisy channels including the amplitude-damping and the phase-damping noises. We analytically derive the fidelities of the BCQT process and show that they only depend on the amplitude parameter of the initial state and the decoherence noisy rate.
Introduction
Quantum teleportation (QT) [1] is one of the most striking results of the quantum information theory which has been studied by many authors recently. Since the original QT protocol was proposed by Bennett et al. [2] in 1993, many theoretical and experimental QT protocols have been presented so far [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
In 1998, Karlsson and Bourennane [13] firstly presented a Controlled quantum teleportation (CQT) protocol. After that, several CQT protocols by applying various types of entangled state as a quantum channel have been introduced [14] [15] [16] [17] [18] [19] .
In 2013, Zha et al. [20] proposed a bidirectional controlled quantum teleportation (BCQT) with five-qubit cluster state. Up to now, various BCQT protocols have been investigated via multi-particle entangled state, such as five-qubit entangled state [21] , six-qubit entangled state [22] , and seven-qubit entangled state [23] .
Recently, two BCQT protocols by utilizing seven-qubit entangled state as a quantum channel have been presented by Hong [24] and Sang [25] . In these schemes, Alice can teleport an arbitrary two-qubit state to Bob and Bob can teleport an arbitrary single-qubit state to Alice under the control of Charlie. Then, Li and Jin [26] presented a BCQT scheme using nine-qubit entangled state as a quantum channel. In this protocol, users can teleport an unknown twoqubit state to each other. In the same year, Li et al. [27] introduced a BCQT protocol via six-qubit cluster state as a quantum channel. In this scheme, Alice can teleport an arbitrary two-qubit state to Bob and Bob can teleport an arbitrary single-qubit state to Alice under the control of Charlie. Implementation of quantum teleportation has been experimentally presented in some of works [28] [29] [30] [31] [32] in various quantum systems such as the cavity QED system, ion-trap system, optical and photonic systems.
In this paper, a novel BCQT protocol by using eight-qubit entangled state as a quantum channel is proposed by which the users can teleport an arbitrary entangled state and a pure two-qubit state to each other simultaneously under permission of controller. In addition, the probability of guessing the Charlie's qubit by eavesdropper is reduced and supervisor can control one of the users or both. Also, in the proposed protocol, quantum resources used for preparing quantum channel are fewer than previous works. Then, we review the proposed protocol in typical noisy channels including the amplitude-damping and the phase-damping noise. We analytically derive the fidelities of the BCQT process and show that they only depend on the amplitude parameter of the initial state and the decoherence noisy rate. In our scheme, single-qubit measurement, controlled-not operation, and appropriate unitary operations are necessary.
The rest of the paper is organized as follows. In Section 2, the proposed BCQT protocol is described. Section 3 presents the preparation and the circuit of quantum channel. In Section 4, the effect of noise on the proposed protocol is discussed in detail. The comparison between our protocol with previous BCQT works is presented in Section 5. Finally Sect. 6 concludes the paper.
Scheme for the presented protocol
In this protocol, Alice and Bob want to transmit an arbitrary entangled state and a pure two-qubit state to each other under the permission of the controller, simultaneously described by Eq. (1). Step . Suppose Alice, Bob and Charlie share an eight-qubit entangled state. The structure of shared channel can change as one of the eight states showed in Table 1 with changing (different distribution) of the dependency of Charlie's qubit into 0 , 2 and 3 in the channel. As stated in this Table, Charlie can create and encode the eight different channel by encoding three classical bits, where the qubits 0 , 1 , and 2 belong to Alice, qubits 0 , 1 , 2 and 3 belong to Bob and Also, qubit belong to Charlie. Table 1 : different channels created using of distribution of Charlie's qubit. For instance, we suppose that the channel shared among Alice, Bob and Charlie is the second channel shown in Table  1 with encoding 001 which we described it again in Eq. (2) and we use it for presenting the rest of the proposed protocol.
Encoding the various distributions of
The state of the whole system can be expressed by Eq. (3). 
Step . In this step, Alice and Bob make a CNOT operation with qubits 0 , 0 and 1 as control qubits and qubits 0 , 2 and 3 as target respectively. The state will be the form of Eq. (4). 
Step . Alice and Bob perform a single qubit measurement in the -basis on qubits 0 , 2 and 3 . According to Table  2 , the unmeasured qubits may collapse into one of the eight possible states with the same probability. Step . In this step Alice and Bob notify the Z-basis measurement results to each other. Then they apply unitary operation on qubits 0 , 1 , 1 and 2 as shown in Table 3 . The state of the unmeasured qubits will be converted to the same form:
0 00 |000000000⟩ + 0 01 |000110001⟩ + 0 10 |001000010⟩ + 0 11 |001110011⟩ + 1 00 |110001100⟩ + 1 01 |110111101⟩ + 1 10 |111001110⟩ + 1 11 |111111111⟩
(5) 
Step . Single-qubit measurements are applied in the -basis on sending qubits ( 0 , 1 , 0 and 1 ) by Alice and Bob. As shown in Table 4 , the other qubits collapsed to one of 16 possible states with same probability. Step . Alice and Bob notify their measurement results to each other. Then, they apply unitary operation to their unmeasured qubits ( 0 , 1 , 1 and 2 ) as shown in Table 5 . The state of the unmeasured qubits will be converted to the same form (6). 
Step . Charlie notifies distribution status of his qubit to Alice and Bob with three classical bit as shown in Table 1 . Then, he measure her qubit in -basis and tells to Alice and Bob his result. If Charlie's measured result is |+⟩ (|−⟩), then, the state of other qubits are as (7) or (8), respectively. The measurement results of Charlie's qubit with corresponding unitary operations applied by Alice and Bob are shown in Table 6 for the different channels in Table  1 .
0 00 |0000⟩ + 0 01 |0001⟩ + 0 10 |0010⟩ + 0 11 |0011⟩ + 1 00 |1100⟩ + 1 01 |1101⟩ + 1 10 |1110⟩ + 1 11 |1111⟩
0 00 |0000⟩ − 0 01 |0001⟩ + 0 10 |0010⟩ − 0 11 |0011⟩ + 1 00 |1100⟩ − 1 01 |1101⟩ + 1 10 |1110⟩ − 1 11 |1111⟩
(8) Step . According to Charlie's results, Alice and Bob apply unitary operation as shown in Table 6 . In final, Alice and Bob can reconstruct transmitted states again as (9) and (10) . And the BCQT is successfully finished.
|Φ⟩ 0 1 = 00 |00⟩ + 01 |01⟩ + 10 |10⟩ + 11 |11⟩ (9) |Φ⟩ 0 1 = 0 |00⟩ + 1 |11⟩ (10)
Preparation of eight-qubit entangled state
The proposed quantum channel (eight-qubit entangled state) is practically feasible as shown in Fig. 1 . As shown in this figure, quantum circuit of proposed channel can be created by utilizing three Hadamard gates and by means of four to seven CNOT gates. The steps of creating channel is explained in details as the following:
The first, initial state is prepared with zero states as Eq.11.
After applying Hadamard gates, one CNOT gate is applied with qubit b0 as control qubit and b1 as target qubit. Then, the whole state of system is as the following: 
In the next step, three CNOT gates are applied as that qubits 0, 1and 2 are Control qubits and qubits 0, 2 and 3 target qubits, respectively. Then, the state of all the eight qubits becomes as Eq. (13). 
Finally, controller can apply a CNOT gates by function so that he can consider each combination of qubits 0, 2 and 3 as control and qubit as target. So, he can create different eight state as shown in Table 1 and type of used combination can be encode by three classical bit according to sequence 0, 2, 3. For example, if he will create state in Eq. (2), then he need to apply one CNOT gate with qubit 3 as control and qubit as target. So, the proposed channel can be created as Eq. (14). 
As the stated in above, an eight-qubit state can be prepared and used as a quantum channel. Up to now, single qubit measurements, and the single-qubit unitary operations have already been realized in various quantum systems, such as the cavity QED system [28] , ion-trap system [29] , and optical system [30] . So, we hope that our scheme will be implemented in the future with the advances in quantum information technology.
Effects of channel noises on the proposed protocol
In this section, effect of two model of environment noise include of amplitude-damping noisy environment and phasedamping noisy environment on proposed BCQT process are discussed. These the two environment noise can be characterized by Kraus operators [33] shown in Eqs. (15) and (16), respectively.
Where (0 ≤ ≤ 1) and (0 ≤ ≤ 1) are the decoherence rates (the error occurring probability of quantum state in corresponding channel when a travel qubit passes through it) for the amplitude-damping noise and the phasedamping noise, respectively. Also, is the identity matrix in the Hilbert space of 2×2 . The channel proposed in previous section (| 〉) is a pure state. The corresponding density matrix can be described as = | ⟩⟨ |. So, the effect of the noise described by (15) or (16) on the density operator can be stated as Eq. (17).
Where ∈ { , }. For = , i.e, for amplitude-damping noise ∈ {0,1}, while for = , i.e., for phase-damping noise ∈ {0,1,2}, and the superscripts and represent the operator act on which qubit. denotes a quantum operation which maps from to ( ) due to the noise. In Eq. (17), we suppose that qubits belong to Alice and Bob are effected by noisy environment due to that controller (Charlie) create channel and this qubits are transmitted through the noisy environment by controller (Charlie) to Alice and Bob. But, qubit is considered without effect of the noisy environment due to belong to controller (Charlie) and is not transmitted in the channel. Also, it is assumed that both the qubits sent to Alice and Bob are affected by the same Kraus operator. In these two noise environment, the quantum channel would become a mixed state as shown in Eq. (18) and (19) . Depending upon the choice, we may have to obtain the final quantum state which is the product of the quantum states produced on the side of the receivers Alice and Bob in a noisy environment. On the other hand, the expected final state in the absence of noise is a product state where Alice would have qubit ( 00 |00⟩ + 01 |01⟩ + 10 |10⟩ + 11 |11⟩) 1 2 in her possession and Bob would have ( 0 |00⟩ + 1 |11⟩) 0 1 in his possession. As we know, in the ideal situation would be |Φ⟩ = ( 00 |00⟩ + 01 |01⟩ + 10 |10⟩ + 11 |11⟩) 1 2 ⨂( 0 |00⟩ + 1 |11⟩) 0 1 . We can visualize the effect of noise by comparing the quantum state in the noisy environment with the state |Φ⟩ by using fidelity = ⟨Φ| |Φ⟩.
According to (20) and (21), it can be easy to get the resultant state from (18) and (19), we can intuitively see that the is related to three participants' measurement results , , , , , , and . However, after calculation we get that output state is independent of three participants' measurement results. And the is shown as follows. 
Using (22) and (23), we obtain the fidelity of the quantum state teleportation by using the proposed BQCT scheme under amplitude-damping noise as 
Similarly, by using (22) and (24), we obtain the fidelity of the quantum state teleportation by using the proposed BQCT scheme under phase-damping noise as = (1 − 
From (25) and (26), we can see that the fidelities for each of the two cases only depend on the amplitude parameter of the initial state and the decoherence rate. Specifically, Figs. 2 a)-c) (Figs. d)-f) ) clearly illustrates the effect of amplitude-damping (phase-damping) noise on the fidelity ( ) and variation of the fidelity with amplitude parameter of the initial state and the decoherence rate . We can easily observe that fidelity and always decrease with decoherence and , respectively (Figs. 2 a) , b), d) ,e)). (Here 0 , 1 , 00 , 01 , 10 , 11 ∈ ). In this situation, fidelity of amplitude damping channel (solid line in Fig. 3.a) ) is always more than that of the phase-damping channel (dashed line in Fig. 3.a) ) for the same value of decoherence rate . Thus, we see that for this particular choice of the amplitude parameter of the initial state, information loss is less when the travel qubits are transferred through the amplitude damping channel as compared to the phase-damping channel. However, this is not true in general as illustrated through Fig. 3.b) , where we can see that for > 0.6708 
Comparison
In this section, the proposed protocol is compared with the best presented BCQT protocols in terms of the type of protocol, the number of qubits sent by Alice and Bob, the number of qubits used in quantum channel, efficiency, BSMs (Bell-state measurements), SMs (single qubit measurements), Prob. (i.e. the probability of guessing the Charlie's qubit by eavesdropper), and global operations (which for transmitting these gates, we need to additional resources of entanglement states and qubits) as shown in Table 7 . In this table efficiency is defined [34] as the ratio of the number of sending qubits to the number of channel qubits. Also, in this table, QCPG stands for (Quantum Controlled Phase Gate).
As shown in Table 7 , the proposed protocol only use single qubit measurement basis which are more efficient than two-qubit measurements (Bell state measurements). It is well known that Bell-state measurements can be decomposed into an ordering combination of a single-qubit Hadamard operation and a two-qubit CNOT operation as well as two single-qubit measurements. As shown in this Table, in this scheme, the users can teleport an arbitrary entangled state and a pure two-qubit state to each other, simultaneously with permission of a third party as supervisor or controller. As shown in this table, in some of works [24, 27] , controller can only control one of users. Also, in some of works [25, 27] , users need to apply global operations include of global CNOT gate and global QCPG between Alice and Bob. For transmitting these gates, as stated in above, we need to additional quantum and classical resources [35, 36] . So, this protocols are not optimal.
The work presented in [26] and the proposed protocol, both can teleport an entangled state and a pure two-qubit state each to other simultaneously with the permission of a third party as supervisor or controller. However, the efficiency in our protocol is higher than [26] . Also, as stated above, the proposed protocol only use eight single-qubit measurements. But, work [26] used four two-qubit measurements and one single qubit measurement. So this work used nine single-qubit measurement that isn't optimal. In addition, our protocol reduces the probability of guessing Charlie's qubit by eavesdropper to 1 8 . It is defined as the number of possible separate states obtained after the measurement by Charlie as shown in Table 6 . Also, supervisor can control one of the users or both. In table 8, we compare the proposed protocol and protocol presented in [26] in resources used for preparing quantum channel in terms of the number of CNOT and Hadamard operations. As shown in this table, our protocol needs fewer resources (four to seven CNOT operations and three Hadamard operations) compared to the previous work [26] in the same conditions. 
Conclusion
In this paper, a novel protocol was proposed for bidirectional controlled quantum teleportation (BCQT) making use of eight-qubit entangled state as the quantum channel by which the users can teleport an arbitrary entangled state and a pure two-qubit state to each other simultaneously under the permission of supervisor. This protocol was based on the controlled-not operation, appropriate single-qubit unitary operations and single-qubit measurements in the and -basis which are more efficient than two-qubit measurements [26, 37, 22] . In addition, in this protocol, the probability of guessing the Charlie's qubit by eavesdropper was reduced and supervisor can select control of one of the users or both. Also, in the proposed protocol, used quantum resources for preparing quantum channel and also, the number of meausrement were fewer than previous works. Then, we reviewed the proposed protocol in typical noisy channels including the amplitude-damping and the phase-damping noises. We analytically derived the fidelities of the BCQT process and showed that the fidelities only depend on the amplitude parameter of the initial state and the decoherence noisy rate. We hope that such BCQT protocol can be realized experimentally in the future.
